HYPERBOLIC EISENSTEIN SERIES 
FOR GEOMETRICALLY FINITE 
HYPERBOLIC SURFACES OF INFINITE VOLUME. 



THERESE FALLIERO 

Abstract. Let M be a geometrically finite hyperbolic surface of infinite volume. After 
writing down the spectral decomposition for the Laplacian on 1-forms of M, we generalize 
the Kudla and Millson's construction of hyperbolic Eisenstein series (Invent Math 54:199- 
211, 1979) and other related results (see theorems 1370 l4~2l ISTTj) . 



Introduction. 

The spectrum of the Laplace-Beltrami operator for a compact Riemann surface is discrete, 
it is no more the case when M is not compact. For example when you withdraw one point 
from M, it appears a continuous part in the spectrum whose spectral measure is described 
by an Eisenstein series. The study of the limiting behavior of the spectrum of the Laplace- 
Beltrami operator for a degenerating family of Riemann surfaces with finite area hyperbolic 
metrics have been used to explain this apparition (see for example |22j . |15| . |13j ) and one 
of the motivation of this paper is the interest in a question of L.Ji in |15| . p. 308, concerning 
the approximation of Eisenstein series by suitable eigenfunctions of a degenerating family of 
hyperbolic Riemann surface. We hope to surround it via hyperbolic Eisenstein series (for 
results on degenerating Eisenstein series see, for example [18], [19], [8], [9]). What we really 
do here is to develop the suggestion in [17], to construct hyperbolic Eisenstein series and 
harmonic dual form in the infinite volume case: in this context we verify the convergence of 
hyperbolic Eisenstein series and the fact that it permits to realize a harmonic dual form to a 
simple closed geodesic on a geometrically finite hyperbolic surface of infinite volume (theorem 
13. 1[) and in a similar way of an infinite geodesic joining a pair of punctures (theorem 14. 2p . 
We obtain a degeneration of hyperbolic Eisenstein series to horocyclic ones (theorem 15.11 and 
corollary 15 . 2[) : 



Theorem 0.1. Let (Si)i a degenerating family of Riemann surfaces with infinite area hyper- 
bolic metric and Q Cl = 0; the hyperbolic Eisenstein series associated to the pinching geodesic 
c\. For Res > 0, the family of 1-forms j^t^Ii(s,tti(.)) converge uniformly on compact subsets 
r(i+-) 

°f S o to r (i)r(f+f ) lra£ oo{s + 1, ■)■ 

1. Preliminary definitions 

Let us recall the standard analytic and geometric notations which will be used. In this 
paper a surface is a connected orientable two-dimensional manifold, without boundary unless 



2010 Mathematics Subject Classification. Primary 30F30, 32N10, 47A10 ; Secondary 53C20, 11M36, 11F12. 
Key words and phrases. Harmonic differential, Eisenstein series. 

1 



2 



THERESE FALLIERO 



otherwise specified. We denote by H the hyperbolic upper half-plane endowed with its 
standard metric of constant gaussian curvature —1. A topologically finite surface is a surface 
homeomorphic to a compact surface with finitely many points exised and a geometrically finite 
hyperbolic surface M is a topologically finite, complete Riemann surface of constant curvature 
-1. We will require that M is of infinite volume, then there exists a finitely generated, torsion 
free, discrete subgroup, T, of PST(2,R), unique up to conjugation, such that M is the 
quotient of H by T acting as Mdbius transformations, T is a fuchsian group of the second 
kind and T has no elliptic elements different from the identity. The group T admits a finite 
sided polygonal fundamental domain in H. We recall now the description of the fundamental 
domain of M = T\H (see pQ). Let L(T) be the limit set of T and 0(T) = R U {oo} - L(T). 
As L(T) is closed in R U {oo}, 0(T) is open and so can be written as a countable union of 
O(r) = U a £AO a where the O a are disjoint open intervals in R U {oo}. Then let r a = {7 G 
T,j(O a ) = O a }. 

This is an elementary hyperbolic subgroup of T. The fixed points of T a are exactly the end- 
points of O a . There is a finite subset {a(l),a(2), ...,a(rif)} C A so that, for a G A, O a is 
conjugate to precisely one O a ^ (1 < j < nj). Let X a be the half-circle, lying in H, joining 
the end-points of O a . Let A Q be the region in H bounded by O a and X a . The A a (a G A) 
are mutually disjoint. 

Let P be the set of parabolic vertices of T, and for p G P let T p be the parabolic subgroup 
of T fixing p. There is a finite subset {p(l),p(2), ...,p(n c )} C P so that T p is conjugate to 
precisely one T p (j) (1 < j < n c ). A circle lying in H and tangent to dH at p is called a 
horocycle at p. We can construct an open disc C p determined by a horocycle at p 6 P so 
that: 

(i) if p, q G P,p ^ q, then C p nC g = 0, 
(m) 5f(C p ) = C g{p) (g G r), 

(m) C p n A a = (p G P, a G A). 



If we consider the set H — (\J pe pC p U \J a€A A a ), we see that it is invariant under F. We 
can find a finite-sided fundamental domain D for the action of T on this set; D is relatively 
compact in H. 

Proposition 1.1. There is a fundamental domain D for T of the form 

D = K* U ..; VW U£i 

w/iere 

X* is relatively compact in H. 

2) D a {j) is a standard fundamental domain ofT a ^ on A^q) 

3) DpQs is a standard fundamental domain for T p ^ on C p ^y 

We should note that p 7^ if and only if V is of the second kind. 

The Nielsen region of the group V is the set N = H — (Li a £A.A a ), the truncated Nielsen 
region of T is K = N — (U pe pC p ), K = T\K is called the compact core of M. So the surface 
M = T\H can be decomposed into a finite area surface with geodesic boundary N, called 
the Nielsen region, on which infinite area ends F{ are glued: the funnels. The Nielsen region 
iV is iteself decomposed into a compact surface K with geodesic and horocyclic boundary on 
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which non compact, finite area ends Q are glued: the cusps. We have M = K U C U F , 
where C = C\ U ... U C„ c and F = Ft U ... U F n/ . 

A hyperbolic transformation T £ PSX(2,R) generates a cyclic hyperbolic group (T). The 
quotient C\ = (T)\H is a hyperbolic cylinder of diameter I = l(T). By conjugation, we can 
identify the generator T with the map z i— >■ e z, and we define 1^ to be the corresponding 
cyclic group. A natural fundamental domain for Ti would be the region J~i = {1 < \z\ < e 1 }. 
The y— axis is the lift of the only simple closed geodesic on Ci, whose length is I. The standard 
funnel of I > 0, Fi, is the half hyperbolic cylinder Ti\H, Fi = (M + ) r x (M.\E) X with the metric 
ds 2 = dr 2 + I 2 cosh 2 '{r)dx 2 . 

We can always conjugate a parabolic cyclic group (T) to the group Too generated by z (->• z+l, 
so the parabolic cylinder is unique up to isometry. A natural fundamental domain for 
is = {0 < Re z < 1} C H. The standard cusp Coo is the half parabolic cylinder T oa \H, 
Coo = ([0, oo[) r x (R\Z) X with the metric ds 2 = dr 2 + e~ 2r dx 2 . The funnels and the cusps 
Ci are isometric to the preceding standard models. We define the function r as the distance 
to the compact core K and the function p by 



We will adopt (p, t) £ (0, 2] x M./LZ as the standard coordinates for the funnel Fj, where t is 
arc length around the central geodesic at p = 2. 

For the cusp our standard coordinates (p, t) £ (0, 1] x M/Z are based on the model defined 
by the cyclic group Tqo. The cusp boundary is y — 1, so that y — c r and p — \fy. We set 
t = x( mod Z). 

2. Hyperbolic Eisenstein series on a geometrically finite hyperbolic surface 



2.1. Return to Kudla and Millson hyperbolic Eisenstein series' definition. In the 

following, M will denote an arbitrary Riemann surface and L 2 (M), the Hilbert space of 
square integrable 1-forms with inner product 



and correspondig norm ||.||. 

Let c be a simple closed curve on M . We may associate with c a real smooth closed differential 
n c with compact support such that 



for all closed differentials uj. Since every cycle c on M is a finite sum of cycles corresponding 
to simple closed curves, we conclude that to each such c, we can associated a real closed 
differential n c with compact support such that (|2.ip holds. 

Let a and b be two cycles on the Riemann surface M. We define the intersection number of 
a and b by 




OF INFINITE VOLUME. 





c ) 



a.b 
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In |17| . Kudla and Millson construct the harmonic 1-form dual to a simple closed geodesic 
on a hyperbolic surface of finite volume M in terms of Eisenstein series. Let us recall the 
definition: 

Definition 2.1. Let 7] be a simple closed geodesic or an infinite geodesic joining p and q. An 
1-form a is dual to r\ if for any closed 1-form with compact support, uj 

I u A a = I uj . 

JM Jr] 

Or equivalently: for any closed oriented cycle d , we have 



(1) 



a 



Kudla and Millson construct a meromorphic family of forms on M, called hyperbolic 
Eisenstein series associated to an oriented simple closed geodesic c. Let c be a component of 
the inverse image of c in the covering H — > M and T\ the stabilizer of c in V. The hyperbolic 
Eisenstein series are expressed in Fermi coordinates in the following way for Res > 0: 

(2) n c (s,z) = Q(s,z) = p^J>* ^ 

with 

k(s] 



k(s) ^ ' (cosh x 2 ) s+1 : 
Ti\r 



By applying an element of SL{2, R) we may assume c is the y— axis in H and that T\ is 
generated by 71 : z h-> e l z. The Fermi coordinates {x\,X2) associated to c are related to 
euclidean polar coordinates by 

r = e Xl 
sin 6 



cosh X2 

At the end of their paper they do the remark that "it is also interesting to consider the infinite 
volume case". 

2.2. The infinite volume case. We are going to verify that this definition retains a meaning 
in the case of a geometrically finite hyperbolic surface of infinite volume, M = T\H. 

Proposition 2.1. The hyperbolic Eisenstein series £l(s,z) converges for Re s > 0, uniformly 
on compact subsets of H , is bounded on M and represents a C°° closed form which is dual 
to c. Moreover it is an analytic function of s in Res > 0. 

The proof in the infinite volume case is as straightforward as in these in the finite volume 
case (p2]) PH])) but for the convenience of the reader we give some details. 

Lemma 2.1. Let K a compact of the fundamental domain D ofT, there exists 77 > such 
that for all z$ G K, {B{^z, r /)) 7e ri\r are disjoints. 
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Let choose for fundamental domain of V±, T>\ = {z & H : 1 < \z\ < /?}. After passing to 
ordinary Euclidean polar coordinates (r, 9) we obtain with a = Res: 

m(B - z)n - H| r (**F 

< ^E^W^ E 

Ti\r [7]eri\r,7zex>i 

Moreover for all z € K: / B( , y u+1 ^ = K T) y(z) a+1 . We note as in [T7]: R(T 1 ,T 2 ) = {P € 
Di : Ti < x 2 (P) < T 2 }. So for T > 2r] : 

T r<^— V y CT+1 (7^) 



|Jfe(s)| ^ (c\i{x 2 hz))) a+l - \k(s)\ 

We need the following: 

Lemma 2.2. Lei 7 <E Ti\r ; z, ( G il sucft i/iaf /or 72; R(-T,T), 7C G B(jz,rf) then 
7 (<?R(-T + 2r],T-2 V ). 

Proof. As orthogonal projection P is 1- lipschitzien, we have d(P r yz, PjC) < d^z, 7^) < r] . 
Ux 2 (jz)>T: 

T < dfrz, P-yz) < dfrz, 7 C) + d( 7 C, P7C) + P7C) • 

Then 

T-27?<d(7C,P7C)- 



□ 



Then 

E »" +1 (7*) - j- E / 

7eri\r,7z0ii(-T,T) ^ 7eri\r,72£i?(-T,T) jB ( r y z > r i) y 



< 



^■r? J R c {-T+2-q,T-2r l ) V 2 



where R c {—T + 2ry, T — 277) is the complementary in Pi of R(—T + 2r/, T — 2rf). Note that 
if 72 -R(-T, T) then y{yz) < so: 

E y +1 M £ T-l^y-^y 



7er 1 \r 7Z ^ J R(-T,T) 



?7 J 



< Z 3 / Z 3 



A^cr \ch(T- 2rj) 

From this follow the uniform convergence of Q(s,z) on compact subsets of H, uniformly on 
compact subsets of the half plane Re s > 0. We next show that 0(s, z) is bounded on D. 
For this we use a "very useful (and well-worn) fundamental lemma" (sic), see [H], p. 178, 
H, p.27: 
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Proposition 2.2. For any fuschian group T, there exists C(q,T), such that for all z 6 H 

y{jz) q 



E[l + M] 2 3 

T/te constant C(q,T) depending only of q and T. 



<C(q,T) 



Let z £ H, there exists a system of representant 5 of Ti\F such that for all 7 € 5, |7z| < /3. 
Then: 

y CT+1 ( 7 z) ^ ^ y(7^) CT+1 



Z-(1 + / 3)2( CT +1) " (1 + | 7Z |)2(.+1) 



< 



4- fi 



, (l+|7z|) 2 ( CT+1 ) 
< C(a + l,r) 

and the result. 

The fact that tt(s,z) is dual to c follows straightly from the construction of Kudla and 
Millson. 

3. Spectral decomposition and analytic continuation. 

The aim is to realize the injection H\ — > % \ where H\ is the first de Rham's cohomology 
group with compact support of M and H 1 is the space of I? harmonic 1-forms of M. Recall 
that in our context dim'H 1 = 00 (see [2], p. 27). 

We are going to prove, as in [T7], the analytic continuation of the hyperbolic Eisenstein series. 
The essential difference with the finite volume case is the spectral decomposition of L 2 (M). 

3.1. Spectral theory. For any non-compact geometrically finite hyperbolic surface M, the 
essential spectrum of the (positive) Laplacian Am defined by the hyperbolic metric on M (the 
Laplacian on functions) is [1/4, 00) and this is absolutely continuous. The discrete spectrum 
consists of finitely many eigenvalues in the range (0,1/4). In the finite- volume case one 
may also have embedded eigenvalues in the continuous spectrum, but these do not occur for 
infinite-volume surfaces. Then if M as infinite volume, the discrete spectrum of Am is finite 
(possibly empty). The exponent of convergence 5 of a fuchsian group T is defined to be the 
abscissa of convergence of the Dirichlet series: 

5 = inf{s > 0, e~ sd{z ' Tw) < 00} 

for some z, uu £ T. 

Let r be a fuchsian group of the second kind and L(T) be its limit set, then < 5 < 1 with 
5 > 1/2 if r has parabolic elements. Patterson and Sullivan showed that 5 is the Hausdorff 
dimension of the limit set when T is geometrically finite. Furthermore, if 5 > 1/2, then 
5(1 — 5) is the lowest eigenvalue of the Laplacian Am- The connection to spectral theory was 
later extended to the case 5 < 1/2 by Patterson. In this case, the discrete spectrum of Am 
is empty and 5 is the location of the first resonance. For a detailed account of the spectral 
theory of infinite area surfaces, we refer the reader to pQ. 
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3.2. Tensors and automorphic forms. This section introduces the notations used in the 
following subsection 13.31 section [5j Let M be a Riemann surface of finite Euler characteristic 
and carrying a metric ds 2 of constant curvature —1. let z be a local conformal variable and 
ds 2 = p\dz\ 2 . Let T q denote the space of tensors f(z)(dz) q for q integer, on M. The covariant 
derivative V sends T q into T^fT^T 1 ) and can be decomposed accordingly as V = Vf ®Vf, 
with V q z :T q -> T Q ®T l ^ T q+1 , V q = p q dp- q , V q = p^d, V z q : T q -> T Q ® T 1 T 9-1 . 
The Laplacians A+ and A" 1 on T q are defined by A+ = -V g+ iV 9 , A~ = -V r iV 9 . Thus 
Ao = A^ is the Laplacian on functions. The operators A^ are non-negative selfadjoint. We 
recall now the link between q— forms and automorphic forms of weig ht 2^0. We make use of 
the uniformization theorem. M may be realized as H\T, where H is the upper half plane 
and 7 a discrete subgroup of PSL(2,M). Let T C SX(2,R) be the groupe covering T under 
the projection SL(2,M) -> PSL(2,R). Using notably the notations in [llj and [7J, let 

Definition 3.1. Set 

(cz + d) 2 _ cz + d _ ( _1 _ ( a b 

h[Z) ~ \cz + d\ 2 ~ cz + d~ \\iz\) 7 "V C d 
Let Tq be the space of all functions / : H — > C with 

fM=Mz)*f(z), 7 er, 

and if T> = T\H is the fundamental domain of T, define the Hilbert space "H q = {/ € 
Fq,(f,f)v = f v |/0)| 2 dp(z) < oo} with <fyi(.z) = and the inner product (f,g) = 

J v f(z)g(z)dp(z). Tg is isometric to T q through the correspondance /: 

T q 3f^y q f. 

Under this correspondence, the operators V^, V q z go over to the Maasz operators L q : T q — > 
Tg-i, K q : T q —> T q +i according to the diagram 

rpq— 1 ^2 rpq V| ji<j + 1 

*r ■r *r 

J 7 j_l <r- Tq T j+l 

where L q = (z — z)-^= — q and = (z — z) J| + We have also: 



L q = -2iy 1+ V y~ q = K- q 



K q = Hy 1 ~ q §- z y q = L-q. 



We note 



with 



-L q+l K q = -A 2q + q(q + l) 
-Kq^Lq = -A 2q + q(q-l) 

d 2 d 2 d 
' 2q = y2{ d? + d? ) - 2tqy d- X - 



^Some authors called them of weight q or — 2q 
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These second order differential operators are self-adjoint on J- q . Furthermore the isometry / 
conjugates A+ with — A2 g + q(q + 1) and A~ with — A2 q + q(q — 1). 

We are first interested in the case q = 2. Let Adis the (positive) Laplacian on 1-forms on a 
geometrically finite hyperbolic surface, Adis = dS+Sd, 5 = — *d* with * the Hodge operator. 
In the following we note Aoiff = A. If a; is a 1-form in the holomorphic cotangent bundle, 
uj = f(z)dz, then we define the image by the isometry I, I(w) = I(fdz) = yf(z) = f(z). 
We have the relation: if yA(/ dz) = — (A2f)dz, in other words, with the preceding notations 
A = at. 



3.3. Generalized eigenfunctions. We are going to give the spectral expansion in eigen- 
forms of A; we use [7J, [20]) [I]- For a finitely generated group of the second kind, for each 
cusp and for each funnel of the quotient there is a corresponding Eisenstein series, this is 
what we are going to develop now. 

Proposition 3.1. For Res > 5, the kernel of the resolvent G s (z,w,l) for the self-adjoint 
operator A2 acting on the Hilbert space £2,2 of automorphic forms of weight 2, is given by 
the convergent series 

G s (z,w,l) = J2h( w )9s(z,Jw,l) 
w — z T(s + l)rfs — 1) 

with qJz,w,l) = — : a~ s F(s + l,s — Lsjct -1 ) and F is the Gauss 

y v ' ' ; z-w 47rr(2s) v ' ' 

hyper geometric function. 

For the funnel case, we identify z' with the standard coordinates (p',t') in the funnel Fj, 
and define 

(3) E f jX {s,z,t') = lim p'- s G s (z,z',l), 

for j = 1, ...,nf. In the cusp Cj, with standard coordinates z' = (p',t'), we set 

(4) El l {s,z)= \imp n - s G s (z,z',l), 

for j = 1, ...,n c . 
Let 

P(z,C)=lm(z)/\z-C\ 2 
where z G H and £ G M be the Poisson kernel. For b G 0(T) = E U {00} — L(T) define the 
Eisenstein series ([20], [3]) 

E b (z, s,k)=J2 i(7, z) k P(^z), b) s ( 7 (z), b) k , 

where z) = n /{z)/\'y'(z)\ and (z, b) = (z — b)/(z — b). 

For the standard funnel F\ which corresponds to the region Kez > in the model C/ = 
Ti\H, we have (see J7J p.200): 

-±—E{ x {s,z,x') = ]im(lmz')- s G s (z,z',l) 

1 — AS ' z — >x 

_ _4fr(. + i)r(.-i) 

4vr T(2s) x v ' ' ' 
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We note then 



£ fl (s,z,x') 



dz. 



V 



Recall 3.1. Recall the definition of the classical Eisenstein series. The stability group of a 
cusp a is an infinite cyclic group generated by a parabolic motion, 



T a = {7 G r : 7 a = a} = ( 7a ) , 
say. There exists a a G SL2(M) such that a a oo = a, cr~ lr y a a a 



1 1 
1 



. We call a a a 



scaling matrix of the cusp a, it is determinated up to composition with a translation from the 
right. The Eisenstein series for the cusp a is then defined by: 

E a (z,s) = ^ y{°a l lzY , 
r \r 

where s is a complex variable, Res > 1. 



An Eisenstein series of weight 2 associated to a cusp a is the 1-form, defined for Res > 1, 



by: 



with 



7er \r V 

E a , 1 (s,z)=y Y, ^KVr 1 (KS)' 
7er a \r 



z . 



We now verify that it corresponds to the defining formula 
For the standard cusp, we write 

G s (z,z',l) = £ f§±f)G^( 7 ^M) 



roo\r 



cz + d 



where (jz, z', 1) is the resolvent kernel of the standard cusp for automorphic forms of 
weight 2. We use then [7] p. 155 (38), p. 177 for Imz' > hnjz, p. 172 (see also [I] p. 72, 
p. 102) to conclude that 



lim y' s G s (z,z', 1) = V 

' — ±nr\ * • 



y'—^oo 



roo\r 



cz + d\ (Im7z) s 1 



cz + dl 1 - 2s 1 - 2s 



Eoo^S^) 



With the preceding notations we then have (see for example [7J, |2Q]). For w = f{z)dz 
square integrable, we have 

m 1 ric f^°° 

w(z) = ^(u;) Ai (z) + — Y (w, £ Cj (1/2 + it, .))S Cj (1/2 + it, z) dt + 

i=l i=i ■ / -°° 

«/ ,+00 r /-a? 



i^E/^ / ^' ^ (V2 + it,.,b))S f] (1/2 + it, z,b)db 



dt. 
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Remark 3.1. One can easily deduce the formula for an arbitrary square integrable 1-form 

m 

n(z) = fdz + gdz = J2(Vh i (z) + 



i=i 

»+oo 



2 '" c r+oo 

< n > £ cj (V2 + it, -))S Cj (1/2 + it, z) + (n, £ Cj (1/2 + it, .)-i)£ Cj (1/2 + it, z)^ dt + 
I^XJy / (V2 + it,.,b))£ f . (1/2 + it, *,&) + (0,5/, (1/2 + it, .,6)-i}£/, (1/2 + it, z^^dbdt, 



- E 

where, with obvious notations, £_i = £ = — dz. To simplify we will write 

V 

»+oo 



i r+oo 

n(z) = {n) Xi (z) + — J (n, £ Cj (1/2 + it, .)±)£ Cj (1/2 + it, z)± dt + 
1 f+°° \ f x j 

— J J (n,£ fk (l/2 + it,.,b)±}£ fk (l/2 + it,z,b)±db dt. 



3.4. Harmonic dual form. We are now going to see 

Proposition 3.2. The hyperbolic Eisenstein series Q c are square integrable. 

Proof. We consider a fundamental domain D contained in {z, 1 < \z\ < e 1 } in which the 
segment (i,ie l ) represents the geodesic c. We note C\ = {z E D,d{z,c) = A} and F\ = 
{z € D, d(z, c) > A}. Without loss of generality we can suppose that there is only one funnel 
on M and no cusps. Let V\ the volume of F\ — there exists a constant c\ such that 
V\ > a(sh(X + 1) - sh(X)). For Res = a > 0, 

lp c (^)IIHin (s ,,)||<^E J 

Ti\r 

Let n(z) = E ri \r (c oshx 2 W +1 ' we have 

n c (s,z)\\ 2 dfi(z) < 1 f i] 2 (z)dfi(z) 

D \ K \ S )\ JD 

< 1 f 1 h d d 

\k{s)? Jl< Xl <el ,-oo<* 2 <+oo ^ Z (C0shx 2 (z))' 7+1 ^ ^ ^ ^ 

M 

|fc(s)| 2 A<a;i<e',-oo<*2<+oo (cosh X 2 (z)) <J+1 

where M > is such that Vz € F, r](z) < M. 

The last integral is -ffi yy (e f — 1) and the result. □ 

I 2+2' J 

As before we have: 

A(fi(s, z)) + s(s + l)fi(s, z) = s(s + l)fi(s + 2,z). 



< 11/ mo / 7 ; / cosh X2 dxi dx2 
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This formula has a consequence that, for fixed s with Res > 0, the function A k (Q(s, z)) is 

again square integrable for any k > 0. 

Set Res > 0, with our convention of notations 

0(s, z) = n {z) + ai{s)ipi{z) + — / h c ±(s, t)£ c (l/2 + it, z)± dt 

47T2 J — oo 

^ r+oo 

+ ^-J J H f ± (s,t,b)£ f (l/2 + it,z,b)±db 



(5) 

We obtain 



dt. 



H(s, t, 6) [1/4 + t 2 + s(s + 1)] = s(s + l)H{s + 2, i, 6) , 



where H corresponds to any HjK From this we get a continuation of -ff to the region 
Res > — 1/2 and we note that we have for all t and all b H(0,t,b) = 0. 

Moreover for Re s > —1/2, Re(s+2) > and we may substitute in ([5]) to obtain a continuation 
of f2(s, z) to Res > —1/2. Thus we have proved the following theorem 

Theorem 3.1. Q(s,z) has a meromorphic continuation to Res > —1/2 with s = a regular 
point and £7(0, z) is a harmonic form which is dual to c. 

Remark 3.2. 1) Another way to see this: 

write Q(s,z) = (A + s(s + l)) _1 (s(s + l)f2(s + 2, z)) and use the meromorphic continuation 
of the resolvent (see for example p], [2T] ). 

2) With an analogue study of |17j (see also [16],) we can obtain a total description of the 
singularities of the hyperbolic Eisenstein series. 

4. The case of an infinite geodesic joining two points. 

Without loss of generality we suppose the two cusps p and q to be and oo respectively 
and, as the lift of the geodesic, we take the imaginary axis. Let rj be the infinite geodesic 
]p, q[, can we do the same construction as Kudla and Millson? As in the finite volume case, 
the problem reduces to study the following series for Re s > 1 : 



(6) 

where 



1 



k(s-l) *-L 



Im(z l dz) 



Im(6 s (z)) , 



k(s 



1) ^ 



-y if. 



s-l 



dz 

z 



and k(s — 1) 



r(i/2)r(s/2) 

T(l/2 + s/2) ' 



4.1. Some useful estimations. As usual we can suppose T c 



(z (->■ z + 1) to be the 



stabilizer of oo in T and the stabilizer of 0, Tq is then generated by z h- > 



-ciz+l 



(for some 



non zero constant cq). 

First of all we note that, contrary to the finite volume case, we have ^7Groo\r ^ m (l z ) con- 
vergent (see proposition 13.11 and formula H|). Another way to see this "by hand": 
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Remark 4.1. We know that for Res > 5, X^Ter e -sd (*' T ^ converges, moreover there exists 
a constant C > such that X] 7 Gr CX) \r Im^T- 2 ) < C l^Ter e~ sd ^' Tz \ as in our case 6 < 1, we 
have the result. 

As X^7er CX) \r I mS (7 z )if+5 = S 7 er 00 \r Im Rcs ( 7 2:) we a/so deduce the convergence of E^^il^z). 

With the notations of recall 3.1 and p the standard coordinate for the cusp a, we write 
the results of [I] (p. 110): E a (s,.) = p~ s (l — Xo(p)) +0(/ 9 /Pc~ 1 )> P ls decomposed as PfPc with 
pj = p in the funnels and p c = p in the cusps and we define xo 6 Q)°P0 such that 



Xo 



1, r < 
0, r > 1 



Lemma 4.1. PFe /iai>e the following asymptotic behaviors for Res > 5: 

1) in a funnel for all cusp a, E a (s,z) is square integrable; 

2) at a = oo, E^s, z) - y s = 0(V _S ) and #o(s, *) = 0(y 1_s ); 

5; neara = 0, £7 0, *)-J/7(c§|z| 2 )* = OCy 1- '/^^! 2 )' -1 ) andE^s.z) = 0{y l ~ s /{cl\z\ 2 ) s ~ l ). 

4.2. Convergence of the Hyperbolic Eisenstein series and analytic continuation. 

The calculus and results to prove the convergence of (0) adapt easily from the finite volume 
case. For the convenience of the lecture we recall the essential points. 

We have [| ^ 7 er 7 * (|ff) Im(z _1 dz)|| < ^ 7 er (]f|) (7 Z ) ' wnere o" = Res > 1 and if 



we 



denote by S = ( "T7 ) (7 Z )> we nave 



76roo\r neZ 1 ' 1 

Let S z a system of representatives of r oo \r such that | Re 7 z| < 1/2, then 

ii^£^+*£^>£ 1 



hz\ a ^ '^(n-l/2) CT 
We have 

7eS z 1 ' 1 r\s z 1,1 n& 1 ' 1 



E y vTfj , y^ y 175; y^ 



^ w \ 1Z \° | 7 z| CT ^ |ne| CT [(x( 7 z) + 1/ne) 2 +y 2 ( 7 z)] CT / 2 ' 

and for K a compact set in H there exists m in H such that 

Vz € K, V 7 G To\5 2 , | 7 z| > |m| and Im 7 z > Imm. 

So 

y CT (7^) / y a (i z ) , y CT (7^) i 



y^ y KV^i < y^ y Ofj + y^ 2/ I7^j y^ 

i ^ I72I ' — Iral* 7 ^— ' Iml " ^— ' \ne\ a (lm.m) a 

yes z 1 ' 1 7£r \s z 1 1 7er \S* 1 1 nez* 1 1 v y 

^ E + 2 E ? V 1 i^t 1 — v E ^(7^) ; 

mr ^— ' ner mrtlmmr 



roo\r neN* v > 1 1 v y y x \y 
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and finally 

< A- Y y a {iz) + 2 Y . \ , , .} — - V y ff ( 7 z)+ 

m ii- \ m \a y w ' „ e V mK Imm ff ^ w ; 

1 1 r«,\r new* K > 1 1 v ; r^r 

oo 1 

r^vr n=i v 7 ; 

the uniform convergence on all compact of H and all compact of Re s > 1. 

From this ultimate inequality we conclude that 9 s is square integrable in the funnels as 
the Eisenstein series £oq. To conclude, we have the following theorem: 

Theorem 4.1. For Res > 1, the Eisenstein series associated to the geodesic n = (p,q) 
converge uniformly on all compact sets. It represents a C°° closed form which is dual to n. 
For Re s > 1 it satisfies the differential functional equation: 



Arf = s(l - s)[fi s - fi s+2 }. 

Now we want to prove the analytic continuation of r) s at s = 1. For this, first of all, we 
are going to show that 6 s (z) — 1/2(^00(1, z) — £$(1, z)) is square integrable. What we have to 
do is to investigate the Fourier expansion of 9 s , at each inequivalent cusp : and 00, and to 
show that y\9 s (z)\ is bounded. We have the following proposition whose proof is identical in 
the finite volume (see [5]): 

Proposition 4.1. At 00 

9 s (z) = (- + 0(l/y)) dz, 
1 

and at 

= (-^2+0(1/!/)) dz . 

By proposition UJ] and lemma I4TT1 we conclude: 

Proposition 4.2. The 1 -forms 9 s (z) — l/i(£' 00 (l, z) — £q(1,z)) and 
t) s (z) + Re(£oo(l, z) — £q(1, z)) are square integrable. 

Finally as in [5]: 

Theorem 4.2. The 1-form fj s has a meromorphic continuation to Res > 1/2, with s = 1 a 
regular point and f] is the harmonic dual form to rj. 



5. A CASE OF DEGENERATION. 

A family of degenerating hyperbolic surfaces consists of a manifold M and a family (gi)i>o 
of Riemannian metrics on M that meet the following assumptions: M is an oriented surface 
of negative Euler characteristic, and the metrics gi are hyperbolic, chosen in such a way that 
there are finitely many closed curves Cj, geodesic with respect to all metrics, with the length 4 
of each curve converging to as I decreases. On the complement of the distinguished curves, 
the sequence of metrics is required to converge to a hyperbolic metric. More precisely there 
are finitely many disjoint open subsets Cj C M that are diffeomorphic to cylinders F{ x Jj 
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where Ji C R is a neighborhood of 0. The complement of |Jj Cj is relatively compact. The 
restriction of each metric gi to C% = F x Jj is a product metric 

(x, a) i— > (Z? + a 2 )dx 2 + (I? + a 2 ) -1 da 2 

and Zj — > as I — > (the curves Fj x {0} C C$ are closed geodesies of length Zj with respect to 
gi). Let M; denote the surface M equipped with the metric gi if I > 0, and let Mq = M\ |J i Cj 
carry the limit metric finn^o*?/- Note that Mq is a complete hyperbolic surface by definition, 
which contains a pair of cusps for each i. Here consider a family of surfaces Si = Ti\H 
degenerating to the surface S with only one geodesic q being pinched, Ti containing the 
transformation o~i(z) = e l z corresponding to q. Let K\ be S\ minus Ci the standard collar 
for q. There exist homeomorphisms fi from S/\q to So, with /; tending to isometries C 2 - 
uniformly on the compact core Ki C Si, define iri = ff 1 . Suppose that p is one of the two 
cusps of S arising from pinching q. Let So = T\H be the component of S containing p and 
conjugate V to represent the cusp by the translation w i— ^ w + 1, in the following p = oo. 



Let for Res > 1 a z (s,z) = E 7 e( CTi )\r ! 7 * 



-l 



lm(z 1 dz) 



such that the hyperbolic 



Eisenstein series Q Cl = Qi is related by fli(s, z) = £^y«2( s + 1 5 #)> Without loss of generality 
we suppose S 1 ; having only one funnel Fi. With the notations of the beginning, Si = K U 
(Ci U ... U C„ c ) U Fi and q is the one geodesic of the boundary of the compact core K, we 
consider the specific case of p the limit of the right side of the q-collar contained in Si\F\ . 

Theorem 5.1. Let Res > 1, the family of 1-forms p-a;(s, tt/ (.)) converge uniformly on 
compact subsets of So to lm£ 00 (s, .). 

It is a particular case of the theorem 15.21 bellow. 

The sketch of the proof of this theorem is the same as in the finite volume case ( [1] , |22| , 
see also [8]), but for the convenience of the reader we recall some material and results. 

The following lemma can be found for example in [IJ. The neighborhood of points within 
distance a of a geodesic 7, 

G a = {z £ K,d(z,-f) < a}, 
is isometric for small a to a half-collar [0, a] x S 1 , ds 2 = dr 2 + I 2 cosh 2 r dO 2 . 

Lemma 5.1. Suppose that 7 is a simple closed geodesic of length l(pf) on a geometrically 
finite hyperbolic surface M . Then 7 has a collar neighborhood of half-width d, such that 

sinh(<i) = — , . , ; . 
v ; smh(Z( 7 )/2) 

As a consequence, if n is any other closed geodesic intersecting 7 transversally (still assuming 
7 is simple), then the lengths of the two geodesies satisfy the inequality 

sinh(Z(r?)/2) > ' 



sinh(Z( 7 )/2) 

Lemma 5.2. Let 7 be a simple closed geodesic of length I on a complete hyperbolic surface 
M. If a is a simple closed geodesic that does not intersect 7, then 

cosh<i(7,a) > coth(Z/2) . 
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A standard collar for a length I geodesic is a cylinder isometric to C\(z i— > e l z) with 
C = {z = re 1 ®, l<r<e l ,l<9<7r — 1} C H with the restriction of the hyperbolic metric, 
and (z i— > e l z) the cyclic group generated by the transformation z i— > e l z. There is a constant 
co (the short geodesic constant) such that each closed geodesic on S of length at most Co 
has a neighborhood isometric to the standard collar and each cusp for S has a neighborhood 
isometric to the standard cusp; furthermore, the collars for short geodesies and the cusp 
regions are all mutually disjoint. 

Now to study the right side of the Q-collar let w = \ log z, z G H, and conjugate by 
the map w to obtain Ti acting on Si = {w,0 < Imw < tt/1}. The hyperbolic metric on Si 

is dsf = ( sin (nmu)) ) ' wn i c h tends uniformly on compact subsets to ( J^jj^ • f i is a (non 

Mobius) group of deck transformations acting on Si; the quotient Ti\Si is Si. Let fi be the 

(r) 

restriction of fi to the component S^ of Si\ci containing the right half-collar for q. Let Fi 

be a lift of fi to the universel covers Ai and H , where .4.; is the simply connected component 
of -ff\7r _1 (c/) which contained the standard right collar {z = re 1 ® , l<r<e l ,l<6< 7r/2}. 
More precisely @](p.350), [22]: 

Lemma 5.3. The simply connected component Ai contains {z = re td , 1 < r < e l ,lc(l) < 9 < 
7r/2} where c(l) ^0,1^0. 

Start with the standard T fundamental domain T = {w, < Rew < l,Imw > ImA(w),VA G 
r}. Set D t = Ff 1 ^), then D t is a fundamental domain of Si. Divide the cosets of 
(<7i)\(Tj - (<7j)) into two classes D = {[A], A G rj.inf Re > 0} and G = {[A], A G 
ri,supReA(A) < 0}. 

Then /; has a lift fi, a homeomorphism from a sub domain of Si to -/Y: fi = Fiow~ 1 : 
w(Ai) —> H.fi induces a group homomorphism p\ : T — > f \ by the rule ^4 i-> f l ~ 1 Afi, AgT. 
We call /0/(.A) G T/ the element corresponding to A G T. Now by our normalizations for 
and r the translation uu i— > to + 1 corresponds to itself. If we specify the further normalization 
= i then the lifts // are uniquely determined and then we have [22] 



Lemma 5.4. The fi tend uniformly on compact subsets to the identity, and thus for A G T, 
the corresponding elements pi{A) tend uniformly on compact subsets to A. 

Divide the cosets (z + l)\(rz — (z + 1)) into two classes, the left and the right: for T\ = 
fj x (F), L = wGw~ l = {[A], A G f l ,MImA(Ti) > vr/2/} and R = wDw~ l = {[A], A G 
Ti, sup JmA(J-i) < tt/21} (the line {Imw = n/2l} is a lift of q, and we write [A] for the 
(z+1) coset of A). In particular the cosets (z+l)\(r — (z + 1)) correspond to the right cosets 
of l\: {[/9j(A)],^4 G r, (w i — y w -\- 1)} C R . Then we can write, where x+ is the characteristic 
function of {Rez > 0} and \- the one of {Rez < 0}, 



ta)\r, 



^ 7(z)9 |7(z)[ s i j{z)i |7(z)[ s 

andtheg-formonSj r) : a* q (s,z) = y(z) s ^{ X+ +T,D F^S )^ 9 = ^(sinlIm M ) s ^( X + 
^ R (7 / w) 9 | ; y / u'| s ~' ? )du>' J where x is the characteristic function of tu({Re2: > 0}) . 
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Theorem 5.2. Let Si = Ti\H a family of geometrically finite hyperbolic surfaces degenerating 
to the surface S with only one geodesic Q being pinched and Si having only one funnel F\; Ti 
contains the transformation o~i(z) = e l z corresponding to c\ and the right half- collar for o\ is 
in Si\F\. Let Sq be as above. For q G N, we associate to the pinching geodesic c\, the q-form 
defined for Re s > 1 by: 

A l>g (s,z)= £ (^\\ hl s-<te{ 1 z)dz<i. 
<°";)\ r i 

Let w = jlogz and write again with a little misuse of notation A^ q (s,w) = a^ q (s,w) dw q 
and the corresponding q-automorphic form (for Ti) a^ q (s,w) = Im(w) 9 a;^(s,w). Note af" q 
the right half of a^ q . Then we have Js, 7rj(.)) converge uniformly on compact subsets of 
So and on compact subsets o/Res > 1 to the Eisenstein series for weight q: 

cz + d\ q 



W..)-EM(f±!) 



roo\r 

Before proving this theorem we give some complements and its corollaries. 
Let for Res > 1, b q (s) = e ilTq / 2 f Q w sin 5 " 2 ue~ iqu du. Note that h(s) = k(s - 1). The func- 

s(s — 1) 

tion b q has the following properties (see e.g. [IB]): b q (s + 2) = — ^-b g (s), b q admits a 

s — q 

meromorphic continuation to all s € C, more precisely 

b q (s) = 7r2 



S+2 r(^ + i)r(^ + i) 

In order to be consistent with the definition of Kudla and Millson's hyperbolic Eisenstein 
series, we may use the normalized q— automorphic forms 

( 7 ) s i,g( s > z ) = Ai, q (s, z). 

We recall that the series (|7|) converges absolutely and locally uniformly for any z € H and 
s £ C with Re s > 1, and that it is invariant with respect to T. A straightforward computation 
shows that the series A^ q {s,z) satisfies the differential functional equation: 

AfAj^s, z) - s(l - s)A liq (s, z) = (s + q)(s - q)A hq {s + 2, z), 

and the series ([7]) 

A±Ez i9 (s, z) - s(l - s)3/ i? (s, z) = s(s - l)S z>g (s + 2, z). 

Proposition 5.1. The series Ai tq (s, z)(resp. E.^ q (s,z)) admits a meromorphic continuation 
to all of C. 

There are different ways to prove this; one is to use the differential functional equation ([7]) 
and to apply the method developped in p2] (see also PS]). More precisely let Ai !q (s, z) (resp. 
Ei, q (s,z)) the q— automorphic form associated to Ai iq (s, z) (resp. S/ )? (s,z)). We have 

A 2q Ai, q (s, z) + s(l - s)A tt g(s, z) = (s + q)(q - s)Ai >q (s + 2,z), 

and 

(8) A 2q Ei :q (s, z) + s(l - s)5; j9 (s, z) = s(l - s)E ltq (s + 2, z); 
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in other words 



s(l-s) [ G s {z,z',q) ; Z hq (s + 2,z')dn{z') 
Jv 



We precise another calculation we will develop further. We can rewrite Ai q (s,z) as 

and using the Fourier development of G s (z, z' , q) and the expansion of G s (z, iy' , q) din y' 
we obtain the result (see [7] corollary 4.2 p. 



Theorem 5.3. Let A&, 1 < k < n the eigenvalues of the Laplace- Beltrami operator on Sq 



such that 0<Ai<A2<-..<A n <l/4< A n+ i and the corresponding Sk = \ + \l\ — A& 

with Res > 1/2. The family (p-a^(s, 7T/(.)))j converge uniformly on compact subsets of Sq 
and on compact subsets of Q, = {Res > l/2}\{si, s n } to E 00>q (.,s). 

Corollary 5.1. In the case the geodesic c\ is not separating (j^d^ q (s,iri(.)))i converge uni- 
formly on compact subsets of Sq and Q to E^^ — Eq^. 

Corollary 5.2. In the case c\ is the geodesic boundary of a funnel (p-a/ j9 (s, 7Ti(.)))i converge 
uniformly on compact subsets of Sq and f2 to E^^. 

Remark 5.1. We refer also to the result of J. Fay [6] final remark p. 201-202. 



Proof, (theorem 15. 2p 

We have ±tf q (s,w) = j^(lmw) q (smllmw) s - q (x + E/?(f w) q \j'w\ s - q ) = 
^(Imw)«(smhmw) s -«(x+£ Gi ^ (f w) q \^'w\ s - q ). 

Because of lemma [531 the principal problem lies in estimating the second sum: it remains 
to show that 

lim V Ij'wf = 0, 

R-Gi 

where a = Res. It is enough to demonstrate the convergence for (3 a relatively compact set 
in the fundamental domain T . Given e > denote G the set of cosets and representatives 
for (z + l)\r such that suplm^4(j r ) < e for [A] G and let Gi be the corresponding cosets 
of {z + l)\r/ with corresponding representatives. The set G is finite. 

The cosets G of T satisfy (modulo the {z + 1) action) {0 < Reu> < l,Imw > e} C \JAecA{F); 
thus for I sufficiently small the cosets Gi satisfy (modulo the (z + 1) action) {0 < Hew < 
1, 2e < Imw < 7r/2/} C UAeGiA^i) (a consequence of the convergence on compact subsets of 
the /; and that T\ contains the right-half-collar for c\ , {0 < Rew < l,c(Z) < Imw; < 7r/2/}). 
Now for a right coset [A] £ R — Gi then A{T{) lies below the q geodesic {Imw = ir/2l} 
and is disjoint modulo the (z + 1) action from {0 < Rew < l,2e < Imw < ir/2l}, since the 
latter is covered by the Gi cosets. Thus for [A] G R — Gi, modulo the {z + 1) action, then 
A(Ti) C {0 < Rew < 1, Imiu < 2e}. For w £ j3 we write 

£i7'H-= E i«£r<M' S iv*r. 

R-Gi w~ 1 (R-Gi)w ' w~ 1 (R-Gi)w 
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where w = j log zi and 7J7 C w" 1 ({0 < Rew < l,Imio < 2e}). We deduce 

E i^i ct ^ — ^1 — \ E ImCT ^) • 

sm (Imtfl 

Let eo €]0,sinh~ 1[ such that for Z < lo(e) and w E /3, B(zi,eo) C J7. Now y s is an 
eigenfunction of all the invariant integral operators on H. Let k(z, z') be the point-pair 
invariant defined by k(z,z') = 1 or according as the distance between z and z' is smaller 
than eo- Then there exists A eo independent of zq so that 

f a dxd V [ U ( \ ° dxd y 

JB(z ,e) V 

and 



So 



Now 



B(z ,e) U JH y 

a dxdy 

y — T~ = A e y{z ) . 

B(zo,e) y 

E ^ Zl r = ±- e /, ■ 



a dxdy 



y 



2 



Lemma 5.5. The multiplicity of the projection map H — > H\T restricted to B{zQ,rj) with 
2r/ < Co is at most Mp~ 2 (zo) where M a constant and p(zq) the injectivity radius at zq. 

Proof. If B(zo,r/) n B{^zq,t]) / I, 7 6 T, then d(zo,7Zo) < 2rj < cq and zq is in a cusp 
region or the collar for a short geodesic. Let c = cq/2, then we have p(zq) < c. Set m(rj) the 
multiplicity of the projection restricted to B(zq, n). As 2n + p(zo) < 3c and the B{^zq, p(zq)) 
are disjoints we have 

m(7])fi{B(z ,p(z )) < fi(B(z ,3c)) . 
So m( V ) < co C °hp£oT-i ^ 2(cosh3c- l)p(zo)- 2 . □ 
Then we have 

' A en cr a — 1 

Moreover as f?(^,eo) C J7, p(^) > eo and the conclusion. 

□ 

Proof. (corollarv l5.2p We remark that ui being the geodesic in the funnel, then D = {o~i)\(Ti— < 
01)) and G = 0. 

□ 
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